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A short introduction to rough paths:
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Antoine Lejay1
Lecture given at the Taras Schevchenko University
during the Workshop on Long Range Dependence: from Fractional
Calculus to Financial Applications2
Kiev — September 7–11, 2009.
Outline of the lectures
Lecture 1: The Young case
• Presentation and a short history
• Young integral: how to define
∫
y dx for x and y respectively α-Hölder and
β-Hölder continuous with α + β > 1? Main estimate∣∣∣∣∫ t
s
yr dxr − ys(xt − xs)
∣∣∣∣ 6 C(t − s)α+βHα(x)Hβ(y).




f(xs) dxs and main properties (mainly continuity) when
α > 1/2, f γ-Hölder, α(1 + γ) > 1.




when α > 1/2 and main properties : continuity, uniqueness, flow property,
convergence of the Euler scheme, ...
+ The material for this first lecture is taken from [1, 3, 5, 12] regarding the
Young integral, and from [24] for controlled differential equation. We also
gave a proof of the sewing Lemma in a simplified form that comes from [21].
In [9], M. Gubinelli gives an nice algebraic presentation of the sewing lemma.
Lecture 2: The area and continuity issue
• Definition of a space A of functions with values in R3 and a norm
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• How to lift a path in Cα([0, T ], R2) into Aα when α < 1/2? Uniqueness of
such a lift.
• How to lift a path in Cα([0, T ], R2) into Aδ when α > 1/2 and δ < 1/2.
• Construction on approximation of sequences of such lifts.
• Consequences on the integral of differential forms.
• The Doss-Sussmann theorem for integrating controlled differential equa-
tions.
• Integration of a controlled differential equation of type dzt = Azt dxt +
Bzt dyt when A and B are matrices in the Lie algebra of the Heisenberg
group: a closed form.
+ The material from this lecture is taken from [5] which has been strongly
inspired by [10] for the use the Green-Riemann formula. Instead of using
approximations of paths with loops, P. Friz and N. Victoir propose to use
sub-Riemannian geodesics, which is the core of their approach on Rough Dif-
ferential Equations [6, 20]. The Doss-Sussmann theorem [13, 14] is classical
and has lead to several results (See for example [34]). The result on lin-
ear controlled differential equations follows some standard results in control
theory. The references [7, 8] contains an interesting insight on this theory.
Lecture 3: The rough path theory
• Definition of a rough path and the algebraic structure.
• Integration of a differential form along a rough path.
• Results on existence and uniqueness of solutions of rough differential
equations.
• On the possible applications of the theory.
• How to construct a rough path?
• Smooth rough paths, geometric and non geometric rough paths.
• Case of the Brownian motion: Stratonovich integrals and Itô integrals.
• Case of the fractional Brownian motion.
+ The content of this lecture is more classical and is taken from [1–5] and
[22] for the local Lipschitz continuity of the Itô map.
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